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I. Disclaimer

The majority of these exercises are from [1], for practical problems (not present here) see [2|. This
little text has been written in the course of the 4th semester in ESFM-IPN as entertainment for the course
of Calculus IV given by Erick Lee Guzmdan. Exercise i) is due to Carlos Adiel Gonzales. The theory of
the course can be covered using [1] and for the advanced topics like Stoke’s theorem [2] is recommended

to have the practical understanding and applications.

It’s obvious that if the reader has to do some exercises presented here, they should attempt them first
and only see the solution after an appropriate effort to resolve them.

As stated in the presentation of the page, any text presented here is not related to ESFM-IPN in
any official way, the only relation is that of the authors as students of the institution at the time of the
writing of these texts.

Thanks for reading :3

«A dywa 6orum u 6oaum u boaum, 2de moi?

Cepdue 2o060opu 2060pmu wmo mebs Hemy»

- Pezuna Jlucuy,
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II. Problems

i)
Let f: Q@ C R™ — R be bounded, I € R and {Plk}keN’ {P2k}keN two successions of partitions of

Q:
lim I(f, PF)=1= lim S(f, PY)
k—o0 k—o0

e

prove that f is integrable over @ and

Proof.

It is clear that, Vk € N

Therefore,

Prove that the following sets have measure zero:
I) A={a} CR"
II) A={ai,as,..} CR"” where a; € R", i€ Nya; #a; fori#j
II) A={(z,y) eR?:2€[0,1], y=a} CR?

V) 0

Proof.

n/€

I) Let € > 0 and a = (ay, ..., ay), considering @Q = [a1,a1 + ’\Z/g} X +oo X [an, an + {/5] it is clear that
€

AcQand Tu(@ =@ - ( 2)n=§<e.

IT) Let € > 0, from I), it follows that Va; € A, i € N, 3Q; : a; € Q y v(Q;) = 22% Hence,
oy €
AC UQiandZU(Qi):ZQi+l =5 <e

1€N =1

III) Let € > 0, by the archimedean property, 3k € N : % < €. Thus, considering the family of sets

i1 i i—1
o= i) [l )
{ N ol A el
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kor. .
l-11

It is given that, for a = (z,2) € A, z € [0,1] U [ } consequently 31 € [1,k] : {k’ k}’

i=1

k
I-11 l-11
and a € {k’k} X {k k] thus A L;Jl
k Foq

Moreover, v(Q;) = kQ’VZ € [1, k], therefore Z Zk— — <e.

Note: sketch this family graphically.

IV) Let € > 0, any rectangle or family of rectangles with > v(Q) < e suffices, in particular @ given
in I).

1)
Prove the following properties of measure zero sets.

1. Let {A;}ien a numerable collection of measure zero sets, then U A; has measure zero.
ieN
2. A CR™ has measure zero <= Ve >0, 3{Q; }ien :

) AC UQz

€N

I7) Y 0(Q) <€

ieN
Proof.

1. Let € >0, Vi € Nlet {Qi;}jen : Ai € | Qi and > 0(Qi5) < %1 Then
jEN JEN

U A; C U Qij
€N i,j EN

and

DD vQu) <Y g =5 <

1eN jeN ieN

2. <= It is clear that the same collection {Q;};eny works.

— Let € > 0, since A has measure zero, 3{K;};en: A; C U K; and Z ) < 5 Now, each K;

€N €N
has the form

Ki = [ai1,ba] X -+ X [ain, bin] S R"

By the density of Q in R, 3 ¢;m, m € [1,n] : gim € (0,bim — Gim]-

Therefore, considering the collection {Q;};en with

Gin
2

qln

CR"”
2

qll bzl+qilj| e X |:ain_ 7bin+

Qi = [ail 9 D)
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it follows that

ACUKCU(au %1 zl+%) "'X<ain din bm“‘%) UQz

€N i€N €N

Moreover,

1€EN 1€N m=1
n
< § H 2 im azm =2 §
i€EN m=1 1€EN

|
Note: This exercise should appear intuitive to the reader, even more, the explicit construction in the
proof may seem (and is) redundant. However, it may be instructive to the reader to see it if he has not

done it before.

i)
Let ¢ : [0,1] = R be continuous, prove that the graph of the function
I'={(z,y) eR*: 2 €[0,1],y = ¢(z)} has measure zero

Proof.

Let € > 0, since [0, 1] is compact, ¢ is uniformly continuous, then 3§ > 0 : Vz,y € [0,1], |z — y| <
6 = [o(z) —py)| <e
Now, by the archimedean property, 3k € N : % < 4. Considering

Qi = |:Z_kl ]i:| [ (f’ )M(f7 )]7 iE[[l,kJ]]

—_——
I;

given z € [0, 1] U I;, it is clear that (z, p(z)) € U (L x [m(f, I;), M(f,I;)]), thus T C U Q;.

1€[1,k] 1€[1,k] 1€[1,k]

On the other hand, by the continuity of ¢, VM (f, I;),m(f,I;), ¢ € [1,k], 3x0i,y0i € I; : f(zo;) =
1
M(f, 1), f(yoi) = m(f, I;) and |zo; — yoi| < 7 < § = |M(f,Li) —m(f, Li)| <e

Therefore, )
@)= > T [M(f, ;) —m(f, ;)] <e
i€[1,k] 1€[1,k]
O
v)
f [0,1]x[0,1] = R
Q
Prove that the following function is not integrable over Q) v, wel
(@,y) =
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Proof.

First, let us show that the set of discontinuities of f is D = Q \ {(z,y) e R? : y =1/2,z € [0,1]} =
Q\C.

f is not continuous on D, for if zg € Q

. 1 . 2
lim (330 + ,y0> = (w0,y0) = lim (xo + \[,y())
n—o0 n n—00 n

n

. 1 1 . V2
lim f <930+ ,y0> =5 #yo= lim f <l”0 + ,y0>
n— 00 2 n—o00 n
and if z, € I, by the density of Q in R, 3{¢, }nen :

n—o0 n

. 1 .
lim (900 + ,yo) = (z0,%) = nh_{fgo (qn>y0)

. 1 1 .
lim f (900 + ,yo) =yo# 5 = lim f(qn,v0)
n 2 n—o00

n—oo
And f is continuous on C, for given € > 0, a = (2¢,1/2) € C, 36 =€ :if b = (z,y) € Q then
[f(0) = fl@)l=ly— 3l <llb—all<d=e (fz€Q0<¢)
Now, D does not have measure zero, otherwise Q = D U C would have measure zero, for C is the

graph of the constant function f(x) = 1/2 on [0, 1]. Therefore, by Lebesgue’s criterion, f is not integrable
O

vi)
Let f: Q— R , where Q C R? is a rectangle, f bounded and integrable over Q). Determine if

Gr={(z,y,2) €R3: 2 = f(z,y) A (z,y) € Q} has masure zero.

Proof.

Since f is integrable over @, given € > 0, 3P partition of @ : S(f,P) — I(f,P) < €, where
P = (P, P,) and P, = {ti}ie[[o,kl]] Py = {lj}je[[o ot and the subrectangle R;; determined by P is
given by Ry; = [t;, tiy1] % [li, lig1], (4,7) € [0, k1] x [0, ko].

Thus, considering Q;; = R;; x [m(f, Rij), M(f, Ri;)], we have that if (z,y) € Q = U R;;, then,
Rq‘,jEP

Gy € JQi;. Moreover,

> w(Qi) = > v(Rij)IM(f, Rij) — m(f, Ri;)]

R;;eP
= > IM(f,Rp)o(Rij) + Y [m(f, Ri)lo(Rij)
Ri;eP R;;€P

=S(f,P)—I(f,P) <e

G ¢ has measure zero
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vii)
Let A CR? beopen, f:A— R be a function of class C? and ) C A a rectangle.

a) Using Fubini’s theorem and the fundamental theorem of calculus prove that
/ *Pro_ / >*f
Q 63?281'1 - Q 8x1(’)x2

. >*f *f
b) Using a), prove that 52001 (a) = 951003 (a), Va € A.

Proof.

a) Let Q = [a,b] X [¢,d], on one hand,

_ " of of
61‘281‘1 / / (91'28 1 $1,5€2)d$2d$1 - Y o 1( d)_ o1, (1'1,6)

b d) f(a d)] [f(b’ C) - f<a7 C)]
= f(a,C) — fla,d) + f(b,d) — f(b,c)

On the other hand,

d
_ [T 9F of
/ 53313:102 / / 8(E16$L’2 xl,l‘g)diﬂlsz _/c 8$2 (b’x2) afEQ (CL,IQ)

yd) = f(b,c)] = [f(a,d) — f(a,c)]
:f(a,c)—f(md)—i—f(b,d)—f(b,c)

b) Suppose that Ja € A : 0°f a O’ (a), without loss of generality, assume O°f a) >
PP " 012011 010z’ & % 012011

o0 f 0% f

(a). Since f is of class C? and A is open, 3U C A open neighborhood of a : Vo € U, x) >
81‘128332 8.132833‘1
9]
3 g (r). Now, we can choose a rectangle Q@ C U with a € @, and again since f is of class C?,
L10T2
*f
tegrati C A, > , contradicti .
integrating over @) / 3%28961 o 92105 contradicting a)
O

viii)

Let Q = [—1,1] x [0,1] C R?, prove the existence and find the value of / ly — z|.
Q

Proof.

fr Q=R

/Qly—mIZ/_ol/Ol(y—m)dydw + /:(/Ox(:v—y)dy + /xl(y—x)dy>dw;

boring

It is clear that is continuous on () so it is integrable over ). Using Fubini’s

theorem,

ol i
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Let A C R*, B C R” be rectangles and f: A x B — R bounded. Determine if 3 / f = 3dDC
Q

R* of measure zero : 3 / flz,y)dy, Yz € A\ D.
yeB

Proof.

Since 4 / fs / / f(z,y)dydx :/ I(z)dx :/ I(z)dx :/ f(z,y)dydz. Now, it
Q zeA JyeB z€A TEA z€eA JyeB
is clear that I(x) — I(x) > 0Vx € A, and / [I[(x) — I(x)]dz = 0. Thus, 3D C R¥ of measure zero
z€A

:I(x) —I(x) =0 Yz € A\ D.

3/ f(z,y)dy, Yz e A\D
yeB

z)

Let {Qi},c be a countable number of rectangles such that @ C U Q;. Prove that v(Q) < Z v(Q;)-
1EN €N

Proof.

Let Q; = [a},b}] x - x [al,b}], define R;(6) = [aig,biJré] X o X {aﬁlg,bi+g} Now,

n»’n 2

it is clear that Q C U Q; C U Roi(é), since @ is compact, 3 {Rio(é)}l N finite cover of Q. Setting
e 1,
iEN ieN

Aj = bl — a’, we have that v(R;(9)) = H(A; +9) = H Aj+ P(8) = v(Q;) + P(9).
j=1 j=1

Where P(6) = ch§j is a polynomial of degree n, so it is continuous, particularly in 0, then
j=1
Ver > 0,37y >0:if0<é <y = [P(§) — P(0)| = P(6) < e1. In particular, for ¢; = 57 > 0,37; > 0 :if

0<d<v = P() <.

Finally, given that Q C U R;(d), then
i€N

N
0(@) < D 0(Ri(8) < D 0(Ri(8) = Y [0@0) + PO)] < 3 [00@0) + 5] = D 0@ +e

i=1 1EN 1€EN i€EN €N

Let f:[a,b] CR — R be increasing. Prove that f has at most a countable set of discontinuities
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Proof.

Since f is increasing, Vz € (a,b), 3 f(x~) = sup{f(¢) : t < z}, f(zT) = inf{f(t) : ¢ > z} and f is
continuous at z <= f(z7) = f(z) = f(z). Thus, let D = {z € (a,b) : f(z7) < f(z)} be the set
of discontinuities and I, = (f(z™), f(z™1)), if z,y € D with z < y, since f is increasing, f(z*) < (y~) so

e : : : p: D—=Q
{I.}zep is a disjoint family. Therefore, by the density of Q in R, Vo € D, 3¢, € I, NQ:
T qy
is injective, from which the result follows.
(|

Let A={z€[0,1]:2=p/gAp,g € Q" U{0} Ag#0A(p,q) =1} and Q = [0,1] x [0,1]. Let
f: Q=R
{1/q, (e,y) € AXQ
(z,y) =
0 , (z,y)e(@x[0,1])U(AxTI)

I) Prove that EI/ f
Q

IT) Calculate/

y€[0,1]

flz,y)dy A /E[OI]f(w,y)dy

11I) Verify Fubini’s Theorem

Proof.

I) Lete>0,3keN: % < €, moreover, there are a finite number of rational numbers : x = p/q €

A qg<k, i.e.7%<%.

min{|mfx0|:xGA,x:p/q/\%<%} .
i

Now, let (zo,y0) € @N[(I x [0,1]) U (A x I)] and ¢ = 5 ,

(z,9) € Q: |l(z,y) = (20, yo)[| < 9, then
a) if (z,y) € QN [(Tx [0,1]) U (A x D)}, then |f(z,y) — f(zo,40)| =0 <€
b) if (z,y) € (A x Q) NQ with x = p/g, then |f(z,y) — f(zo,y0)| = ; < <

Therefore, f is continuous on Q N [(I x [0,1]) U (A x T)], so f is discontinuous at most on D = (Q* U
{0}) x (QTU{0})NQ C Q x Q — R? which is countable, for the product of countable sets is countable,

f

moreover D — R? so it has measure zero and by Lebesgue’s theorem 3 / f-
Q

II) Ifz el = VP partition of Q, R € P, m(f,R) =0= M(f,R) = / fz,y)dy =0 =

yE[O,l]
/ fz,y)dy.
y€[0,1]
Ifx e A = VP partitionof Q, Re P, 3y € QT U{0} Ay €1, = m(f,R) =0, M(f,R) =1/q.

N l/gz € A
Then / f(z,y)dy = ; / f(z,y)dy = 0.
y€[0,1] 0 ,zel y€[0,1]

IIT) VP partition of Q, 3(I,k) € Ix [0,1] = m(f,R)=0 = I(f,P)=0, so/ f=0. Now,
Q

/ / flz,y) = / 0=0 A / / flz,y)dy = / h(x) =0 (Thomae’s function)
z€[0,1] Jy€[0,1] z€[0,1] z€[0,1] Jy€[0,1] z€[0,1]
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= L L= L Lo
€[0,1] Jy€[o,1] z€[0,1] Jy€[0,1]

xiii)

Let A C R™ open and bounded, f: A — R™ continuous, bounded, nonnegative, and A C Q) a

rectangle. Prove that
o f
4 7Q

Proof.

Let P be a partition of @ and R be a sub rectangle of () determined by P. Since each R is compact

and rectificable, so is C' = U R. Now, since P is a partition, R, "Ry =0 <= R, # Ry, R., Ry P.
RCA
Finally, remembering the following

W=l = om0 ot = L 7 L

, first note f(x) > m(f, R),Vx € R so

/f>/mf, m({, )/R=m<f,R>v<R>

— /f Z/f> fRw(R) = 3 m(fa, Ryo(R) = I(fa, P)
RCA

RCA RCA

I/AfZ/CfZ/QfA

On the other hand, let C' C A be compact and rectificable, since f is continuous over A, in particular it’s

continuous on C, so EI/ f= / fo. It’s clear that fa(z) > fo(x), Va € Q. Thus, given a partition P
C Q
of @ and R a sub rectangle of ) determined by P, m(fa, R) > m(fc, R),

I(fa, P) =" m(fa, R)(R) > > m(fc, R)v(R) = I(fc, P)

ReP ReP

:>/QfAZ[(fA7P>Z/QfC:/QfC:/Cf
— /QfAZI/Af

I/Af:/QfA

xiv)

Let A C R™! open and rectificable, p € R™ with p, > 0. Consider S = {z € R" : z =
(I—-t)a+tp, acAx{0},te(0,1)}, find v(S) in terms of v(A).
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a: Ax(0,1)CR"—= S
Define the function Y It’s
(a,t) = (1 —-tha+tp=(1—-t)ar +tp1, ..., (1 —t)an—1 + tPn—1,tpn)
clear that U is open, « is bijective over its image and it’s of class C(U). Let’s see that « is non-singular,

i.e, detDa(u) # 0, Vu € U.

Dafa.0ls = (52 (w0)
n m,n€[l,n]
1-—t¢ 0 cee 0 p1— aq
0 1—-t - 0 P2 — a9
0 0 e 11—t pp_1—ap—
0 0 0 Pn

Hence, detDa(a,t) = (1 —t)""1p, >0, Vu € U.

Using the theorem of change of variable and Fubini’s theorem for bounded regions,

U(S):/lz/ 1oa|detDa|=/ 1/ (1—t)"‘1pn=v(A)@
s Ax(0,1) A J(0,1) n

O
xv)
f: R—>R . . )
Let show that given A € R, 3{Cn} yy family of compact rectificable subsests of
T T
R:Cy CCni1, | On =R, and lim / f=A af/f?
N — o0 C R
NeN B
Proof.
For A > 0, consider Cy = [-V/N,v/N +2)\]. It’s clear that Cy C Cz\;+1, U Cy = R. And,
NeN
VAE2A N+2\ N
/ f= / rdr = — — = X\ It’s similar for A\ < 0 by taking Cy = [~V N — 2X,V/N].
Cn -VN 2 2
In any case A}im f = A Now, {/ |f]: C CRis compact and rectiﬁcable} is not bounded, for it
N \/ﬁ
suffices to see that lim rdr= lim N =+oc0. .. 39]/ f
N—oo Jg N—o0 R

xvi)

Let A C R be open and f,g: A— R continuous, suppose that |f(z)| < g(x), Vo € A. Prove
thatifﬂ]/gzﬂ[/f.
A A

Proof.
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Let C C A be compact and rectificable, since f and g are continuous, by monotony of the integral

L[ [

since 3 I/ g, Asup Gy = sup {/ lg| : C C A is compact and rectiﬁcable} and / |f| < sup@,. There-
A c c

fore € is bounded and 3 I / f.
A
O

Vi)

Let A C R" be open. f: A— R" 1is said to be locally bounded on A if Vz €
A 3Vs(z) @ |f(x)] < M,Va € A, for some M € R. Let F(A) = { f:A-R"

: f is locally bounded on A and continuoues except on a set D of meazurezero}.

I) Prove that if f is continuous on A — f € F#(A)

IT) Show that if f € #(A) = f is bounded VC C A compact.

Proof.

I) Since A is open, Vo € A, 36 > 0: V5(x) € A. Now consider C' = Vs p(z) C A compact. By the
continuity of f, IM € C : |f(x)| < M,Vz € C, ie., f € F(A).
IT) Let C C A be compact, since f € .#(A), Vo € C,3V; (z): C C U Vs, (x), since C is compact,
zeC

N
CccC U Vs,, (). Thus, letting M = max{M;, :i€ [1l,n]} = |f(z)| <M, VzeC.
i=1
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